In this work, the effects of conical indentation variables on the load-depth indentation curves were analyzed using finite element modeling and dimensional analysis. A factorial design 2 6 was used with the aim of quantifying the effects of the mechanical properties of the indented material and of the indenter geometry. Analysis was based on the input variables Y/E, R/h max , n, y, E, and h max . The dimensional variables E and h max were used such that each value of dimensionless Y/E was obtained with two different values of E and each value of dimensionless R/h max was obtained with two different h max values. A set of dimensionless functions was defined to analyze the effect of the input variables:
In this work, the effects of conical indentation variables on the load-depth indentation curves were analyzed using finite element modeling and dimensional analysis. A factorial design 2 6 was used with the aim of quantifying the effects of the mechanical properties of the indented material and of the indenter geometry. Analysis was based on the input variables Y/E, R/h max , n, y, E, and h max . The dimensional variables E and h max were used such that each value of dimensionless Y/E was obtained with two different values of E and each value of dimensionless R/h max was obtained with two different h max values. A set of dimensionless functions was defined to analyze the effect of the input variables: P 1 = P l /Eh 2 , P 2 = h c /h, P 3 = H/Y, P 4 = S/Eh max , P 6 = h max /h f , and P 7 = W p /W T . These six functions were found to depend only on the dimensionless variables studied (Y/E, R/ h max , n, y). Another dimensionless function, P 5 = b, was not well defined for most of the dimensionless variables and the only variable that provided a significant effect on b was y. However, b showed a strong dependence on the fraction of the data selected to fit the unloading curve, which means that b is especially susceptible to the error in the calculation of the initial unloading slope.
I. INTRODUCTION
Instrumented indentation test (IIT), frequently called nanoindentation, is today one of the most commonly used techniques to measure mechanical properties of thin films and small volumes. IIT uses high-resolution instrumentation for control and measurement of loads and penetration depths of an indenter, when it is driven into and withdrawn from the studied material, in a cycle of load and unload. [1] [2] [3] Simple but general results of elastic-plastic indentation response, using the concept of self-similarity, have been obtained. [4] [5] [6] [7] [8] [9] [10] [11] The basic idea of dimensional analysis is that physical laws do not depend on the arbitrariness in the choice of units of physical quantities. This concept allows reducing the number of parameters describing the physical phenomena, thus making them simpler to obtain, either from calculations or experiments. 10 The full factorial design is a statistical technique that allows reliable conclusions through a relatively smaller amount of data, obtained from systematic experiments. 12 This useful technique has been used for many experimental materials research [13] [14] [15] [16] and it is also appropriate in computational experiments, [17] [18] [19] [20] including finite element simulations of a given experimental procedure. 20 In this work, the effects of conical indentation variables (factors) on the load-depth IIT curves were analyzed using dimensionless analysis and design of experiments. The statistical significance of factor effects was assessed from the comparison of the effect magnitude with the experimental confidence interval and by plotting the effects on normal probability paper. 12 This study aims to contribute with the discussion that exists in the literature regarding the effect of experimental errors on the accuracy of the calculation of mechanical properties from the indentation data. 21 Additionally, this work attempts to analyze if the tip roundness effect 22 is significant when the ratio R/h is low. The use of statistical tools permits these studies, with the advantage of allowing other analyses, such as the joined effect of multiple input variables. The possibility of these second order effects may be obtained through the use of normal plots, as described in the literature. 12 Figure 1 shows a typical curve of load as a function of penetration depth (P-h) obtained during IIT. The initial unloading slope (S) is defined as dP/dh at the maximum load, P max is the maximum load obtained in the test, h max is the maximum indentation depth, h f is the residual indentation depth after complete unloading, W T =W e +W p is the work done by load P during the loading cycle, W p is the stored (plastic) work after the complete unloading and W e is the area under the unloading curve, which corresponds to the elastic work recovery of the material.
II. INDENTATION VARIABLES
During the loading stage, the load (P l ) follows the relation 23 :
where exponent a is equal to 2 for a conical indenter with perfect shape (no tip roundness 23 ) and 3/2 for spherical indenters, 23, 24 and C is a coefficient that indicates the curvature of the P-h loading curve.
During unloading, the P-h curve follows the relation 25 :
where K is the curvature of the unload curve; m is the exponent of the curve and P u is the load during the unloading stage.
Hardness (H) is defined [Eq. (3)] as the maximum indentation load (P max ) divided by the contact area (A c ).
The initial unloading slope (S) may be related to the reduced elastic modulus (E r ) through Eq. (4), 23 where b is a correction factor, which is dependent on both indenter geometry and Poisson's coefficient. [27] [28] [29] Other works have shown dependence of b with the indentation size when the indenter tip presents some roundness 5, [30] [31] [32] [33] and with the indenter elastic deformation.
The reduced elastic modulus is defined as Eq. (5), where E i and n i are the elastic modulus and Poisson's ratio of the indenter, respectively, and E and n are the elastic modulus and Poisson's ratio of the indented material, respectively.
In experimental indentation tests, the reduced modulus is calculated from Eq. (4) and the elastic modulus is calculated by solving Eq. (5) for E. In this research, the indenter was modeled as rigid, such that the term considering the properties of the indenter was equal to zero. Since E and n are known input variables in the simulation, E r was calculated from Eq. (5) and Eq. (4) was used to calculate b, considering the values of S and A c obtained directly from the finite element simulations.
III. DIMENSIONAL ANALYSIS
In the dimensional analyses, P l is commonly considered as a function of h, n, E, n i , and E i , 34 as well as (i) two other mechanical properties of the indented material: initial yield stress (Y) and strain hardening exponent (n) 10 ; (ii) friction coefficient (m) 35 ; (iii) indenter geometry (Fig. 2) : tip radius (R) 4, 22 and semiapex angle (y) 10 ; and (iv) level of residual stresses in the specimen. 36 In this work, the indented material was considered free of residual stresses and the values of the Poisson's ratio and friction coefficient were fixed, being equal to 0.3 and 0.15, respectively. Additionally, the elastic deformation of the indenter was not considered, because it was simulated as rigid. Note that the use of reduced elastic modulus reduces the errors of this simplification 37 when experimental test curves are analyzed using results obtained with rigid indenters. Besides, a consistent analysis on the error in assuming a rigid indenter for the study of the indentation of elastic-plastic cases was not found in the literature. However, for perfectly elastic and superhard materials the error in elastic modulus calculation was quantified to be from À5-8%, depending on the ratio E/E i . 34 Without considering the constant variables, the indentation load during the loading stage was written as indicated in Eq. (6):
Applying the P theorem of the dimensional analysis, 10 Eq. (6) becomes
where P 1 is a dimensionless function, Following the same idea, the ratio h c /h, ratio H/Y, S, factor b, ratio h max /h f , and ratio W p /W T can be respectively expressed through Eqs. (8)- (13) . Further details on dimensional analysis can be found in Ref. 10 :
Hence, the instrumented indentation test is described by the dimensionless functions: P 1 = P l /Eh 2 , P 2 = h c /h, P 3 = H/Y, P 4 = S/Eh max , P 5 = b, P 6 = h max /h f , and P 7 = W p /W T . The dimensionless function for factor b [Eq. (11) ] can be obtained from the combination of Eqs. (4), (8) , and (10), which is coherent with previous works. 5 
IV. FACTORIAL DESIGN OF EXPERIMENT
Experiment designs 12 are well-developed methodologies that apply statistics in a way of developing a plan of experiments, which minimize the effort for a desired reliable result. In the design of experiments, it is supposed that the system is composed of a group of independent input variables (factors), and the results for each configuration, which are the outputs (response). A class of designs of great practical importance is the two-level factorial design (mathematically represented by 2 N12 ). To conduct this kind of design, a fixed number of values (or levels/versions) are selected for each one of the factors and then experiments are run with all possible combinations of the factors.
For the case of the instrumented indentation analysis presented in this work, the factors were Y/E, n, R/h max , and y, which have their physical meaning. The variables Y/E and n are mechanical properties, where Y/E is the strain from which the indented material deformation is no longer elastic and n is the strain-hardening exponent of the indented material. The parameters R/h max and y are geometric factors that indicate the tip roundness level relative to the indentation depth and semiapex angle, respectively.
Besides the dimensionless factors Y/E, n, R/h max , and y, two factors were also selected: E and h max . Therefore, each value of the factor Y/E was obtained with two different values of E and each value of the factor R/h max was obtained with two different h max values. Since there are two levels (a = 2) for each of the six factors (N = 6) of the present approach, the complete arrangement is a a 1 x a 2 x . . . a N = 2 6 factorial design. Table I shows the two levels defined for each of the factors analyzed in this work for the 2 6 full factorial design, for which 64 different conditions (or runs) are required.
In terms of the responses, simulation data was used to calculate the following indentation outputs: the load exponent a and dimensionless functions
The objective of a two-level factorial design is to estimate the effect of the factors on the response, which can be not only due to the individual effect of each factor (mean effect, l i ), but also due to the result of the interaction between two or more factors (interactive effects). In general terms, the effect of a factor is defined as the change in the response as the levels of the factor change (from its low to its high level). The mean effect of a factor is a measurement of the average effect of this factor over all combinations of the levels of the other factors (or conditions/runs). When the effect of a factor 1 is different at the two levels of a factor 2, it is said that the two factors interact. In this case, the interaction effect is defined as half of the difference between the average effect of factor 1 with the upper level of factor 2 and the average effect of factor 1 with the lower level of factor 2.
12
To further explain the previous concepts, Table II presents a 2 2 factorial design, in which the factors are R/ h max and y and the response is the dimensionless function P 1 . The response values in Table II were obtained maintaining the factors Y/E, n, E, and h max constant and at the low level.
In Table II the value of P 1 in experiment 1 and 2 differ only because of the ratio R/h max ; the semiapex angle of the indenter (y) is the same. In total there are two measures of the R/h max effect at each of the two levels of factor y. The individual measure of the effect of changing the R/h max ratio from 0.7018 to 1.4036 is 0.1804-0.1595 = 0.0209 and 0.3018-0.2847 = 0.0171. The average of these two measures (0.019 in this case) is called the main effect of R/h max ratio l R/h = 0.019. Because of the symmetry of the design, there is a similar set of two measures for the effect of y and in each one the level of the remaining factor is constant. In the 2 2 factorial design of Table II the effect of R/h max is larger with y equal to 66.5 (0.0209) than with y equal to 73.5 (0.0171). In this case, the factors R/h max and y are said to interact. A measure of this interaction is given by the difference between the R/h max effect with y equal to 66.5 and the R/ h max effect with y equal to 73.5 (0.0209-0.0171 = 0.0038). By convention the half of this difference is called the R/h max by y interaction l R/hÂy = 0.0019.
The statistical significance of factor effects is assessed from the comparison of the effect magnitude with the experimental confidence interval or by plotting the effects on normal probability paper. 12 The statistical analysis of effects by normal probability plots is often more efficient and is based on the concepts of the cumulative distribution. 12 In this case, the effects (both main and interactions effects) are supposed to be a random sample taken from a roughly normal distribution with population mean equal to zero. Each effect (i = 1,2,. . ., M) is associated with the intercept of the cumulative distribution [P i = 100(i-1/2) M]. Hence, the normal plot of effects is obtained by plotting the probability P i (in log scale) versus the effects values. Effects with magnitudes close to zero fit on the straight line of the normal plot, which means that they can be considered as noise. Therefore, the effects outside the straight line are statistically significant. 12 
V. FINITE ELEMENT ANALYSIS
A finite element analysis, using the commercial software ABAQUS (Providence, RI), was carried out to simulate the indentation response of elastic-plastic solids. The indenter was considered as a rigid two-dimensional (2D) cone with a rounded tip.
The tested material was represented by 2D mesh of 37,282 four-noded axisyimmetric elements type CAX4R. The mesh near the contact was refined to improve the accuracy and convergence of the analysis and the mesh became gradually coarser when moving away from the initial contact region. The elements located along the contact were squares with sides 30 nm long. For each finite element simulation, the minimum number of elements in contact with the indenter at the maximum load was 30. Regarding the boundary conditions, nodes at the axis of symmetry were allowed to move only in the vertical direction and nodes at the bottom were fixed. In all finite element computations, the contact was modeled considering two surfaces with isotropic friction; contact that follows the model of Coulomb, 38 with friction coefficient equal to 0.15.
35
The specimen was modeled as a homogeneous and isotropic solid. The elastic and plastic behaviors of the indented material followed Hooke's law and hardening power law, respectively, as indicated in Eq. (14) . In all simulations, the large deformation formulation was considered
A total of 64 different finite element simulations were conducted controlling the indentation depth.
Note that the numerical model selected in this work presents differences with respect to the analytical models available in the literature, such as those provided by Hertz, Love, and Sneddon. For example, one can mention the consideration of plasticity, a friction coefficient at the indenter-specimen contact, and the use of large deformation analysis.
VI. EXPERIMENTAL PROCEDURE
Instrumented indentation tests were conducted in a Fischerscope H100V equipment manufactured by Helmut Fischer GmbH (Sindelfingen-Maichingen, Germany), equipped with a Vickers diamond indenter with a tip radius of approximately 1.33 mm. 39 Loads of 40, 50, 60, and 70 mN were applied during the tests.
The loading/unloading cycle consisted of an initial loading stage, followed by a holding stage of 30 s at the peak load with the aim of reducing creep effects. A holding time of 30 s was also applied at the end of the unloading stage to evaluate thermal drift effects. In each loading/unloading cycle, 200 data points were acquired in steps of 0.1 s at constant loading rate. At least 15 indentation tests were conducted in each specimen for each value of peak load and only those curves within two standard deviations from the average P m /S 2 u ratio were used in the analysis of indentation data. 39 When true replicates are made under a given set of experimental conditions, the variation between their associated observations may be used to estimate the standard deviation of a single experimental condition. In this case, the statistical significance of the effects may be judged from an estimate of variance obtained by genuine replication. 12 On the other hand, in computational analysis, such as those in finite element simulations, genuine replications do not provide a measure of experimental noise, hence the interactions between factors is generally assumed as a measure of error for the cases where the relationship between factor and response is linear. 40 In other words, if the model that describes the response as a function of the factors is linear, interactions between factors (second order terms not included in the model) are assumed as a measure of experimental error. In this work, the factors analyzed do not have a linear behavior, and the interaction effects between factors are expected to be significant in the analysis. For this reason, in the cases where an experimental measurement was possible the error was calculated from experimental tests and not from higher order interactions.
Usually, in experimental analyses, genuine replications are not made for all test conditions. In these cases, repetitions can be performed for a single set of experimental parameters, usually a central point, which may also be used to compare the effect magnitudes. 12 Using the same idea, in this work a confidence interval estimate was calculated by genuine replications in experimental trials using two different materials, whose mechanical properties are contained in the range covered by the 2 6 factorial design. The materials used in the experimental error calculation were a low-carbon steel AISI 1006 and a high-carbon steel AISI 1080. The mechanical properties of these materials are shown in Table III , where E, Y, and n correspond to the average of the values taken from three repetitions of uniaxial tensile tests. All specimens were mechanically polished and finished until 0.025 mm with colloidal silica, aiming to obtain a good surface finish. It is well known that one of the most crucial parameters affecting the accuracy of the instrumented indentation results is the surface roughness. 41 The confidence interval for the response variables was calculated using Eq. (15), where t is the probability of the t distribution with u degrees of freedom and s is the pooled estimate of run variance, Eq. (16).
In Eqs. (15) and (16), g is the number of experimental conditions [8 = 2 (materials) Â4 (load levels)]; u i = r i À 1 provides the degrees of freedom of each experimental condition; r i is the replicate run conducted at the ith set of experimental conditions and u = u 1+ u 2+. . . u g represents the degrees of freedom [123 = 131 (total indentation curves) À 8 (experimental conditions)]. Table IV shows the confidence interval with a 95% confidence level for the dimensionless functions that can be calculated directly from IIT curves (a, P 1 , P 4 , P 6 , P 7 ). The dimensionless functions P 2 , P 3 , and P 5 are not presented because the indentation area and level of pile-up or sink-in could not be measured directly. Table V presents the experimental error in percentage of the mean value of the response variable. Note that the P 4 = S/Eh max confidence interval is the widest (Table IV) and the largest percentage of the average value (Table V) , similar to the results calculated using the data presented in Refs. 8 and 42. This indicates that the initial unloading slope (S) is the test variable most susceptible to experimental errors. Additionally, when comparing the values obtained for the confidence interval of dimensionless function P 4 with those calculated from the data in the literature, 8, 42 it is possible to note that a decrease in the maximum load results in an increase in the confidence interval, which is not observed for the confidence interval of the dimensionless function P 1 .
VII. RESULTS AND DISCUSSION
Figures 3 and 4 present the overall effect of both dimensional and dimensionless factors on a and functions P 1 to P 7 . Each point in these plots represents an average of all results calculated considering a given level of the factor. Besides, each plot presents a reference line that indicates the overall average value of the response represented in the plot, for all the 64 simulations that were conducted. The results from all simulations were also used to calculate the range of variation (effect l i ) in each plot. These results are presented in Table VI and those larger than the confidence interval (Table IV) were underlined. Table VI also presents the interaction effects (l ixj ). 12 A. Exponent of the penetration depth in the load stage a Similar to Rodríguez et al., 22 Table VI indicates that the exponent a was significantly dependent of the ratio R/h max and independent of the mechanical properties of 
FIG. 3. Main effects plot (data means) for a, P
1 = P l /Eh 2 , P 2 = h c /h, P 3 = H/Y.
FIG. 4. Main effects plot (data means) for
the indented material. Table VI also indicates that a was significantly dependent of y. The significant effect of R/h max and y on a can also be visually seen in Fig. 3 . This figure indicates that at the levels studied in this work, the exponent a increases when y increases and decreases when the ratio R/h max increases.
In terms of the interaction factors, Table VI shows that the value of l R/hÂy was lower than the confidence interval for a, which would indicate that the combined effect of R/h max and y was not significant. However, when the effects are plotted on normal probability paper (Fig. 5) , where significant effects appear displaced with respect to the straight line, 12 the interaction effect between R/h max and y is not on the straight line and may not be explained as a product of error. The elastic contact theory states that the exponent a is 2 for the contact between a cone and a flat surface, independent of y. (Fig. 6 ). An extrapolation of the values of a (for each angle y) to R/h max equal to zero provides a approximately equal to 2, as predicted by the elastic contact theory. However, when R/h max is different from zero, the variation of a with R/h max presents different slopes, depending on y. The effect l y plotted in Fig. 5 is a measure of the difference in a caused by changing y in each level of R/h max shown in Fig. 6 . That change in a with y is due to the combined effect of both R/h max and y (l R/hÂy ). This fact is in agreement with the statistical effect analysis, 12 in which the main effect of a factor should be individually interpreted only if there is no evidence that the factor interacts with other factor. This precaution is particularly important for algorithms based on indentation curves obtained with different sharp indenters, because it might indicate that conclusions of evaluations of tip roundness effects for a specific indenter angle cannot be extrapolated for indenters with other angles.
B. Load dimensionless function in the loading stage Figure 3 shows the main effects for the dimensionless function P 1 = P l /Eh 2 . Significant effects on function P 1 were found for all the dimensionless factors (Y/E, R/h max , and n) analyzed in this work. However, no significant dependence was found for the dimensional factors (E, h max ). These results indicate that an identical loading curve was obtained considering different E values, but the same Y/E ratio. Similarly, an identical loading curve was obtained for different h max , but with the same R/h max level. Figure 3 shows that as reported in Refs. 10 and 11, P 1 increases when Y/E, y, R/h max , and n increase. Furthermore, as reported in Refs. 4 and 22 the ratio R/h max has little but not negligible effect. All effects larger than the confidence interval (Table VI) may also be visualized in the normal plot of effects (Fig. 7) , as points not located on the straight line. The interaction observed for R/h max and n suggests that assessments on the influence of indenter tip defects should not be extrapolated to the analysis of the indentation of materials with different mechanical properties without regarding this combined effect between indenter roundness parameter and hardening exponent.
C. Pile-up or sink-in behavior Figure 3 shows the main effects for the dimensionless function P 2 = h c /h. Significant effects on function P 2 were found for the dimensionless factors Y/E, y, and n and no significant dependence was found for the dimensional factors (E, h max ). As reported in Ref. 6 , P 2 increases when Y/E and n decrease and increases when y increases. For the conditions evaluated in this work, the ratio R/h max showed a negligible effect. Figure 8 shows the normal plot of effects for P 2 , which includes the combined effects of two and three factors. In this case, only the isolated effects of Y/E, n, and y have shown evident separation from the straight line and, thus, significant values.
D. Hardness Figure 3 shows the main effects for the dimensionless function P 3 = H/Y. Significant effects on this function were found for the dimensionless factors Y/E, y, and n and no significant dependence was found for the dimensional factors (E, h max ). As reported in Ref. 11, P 3 decreases when Y/E increases and increases when n increases. As reported in Ref. 43 , considering the range of values of y analyzed in this work, the function P 3 decreases when y increases. For the conditions evaluated in this work the ratio R/h max showed a negligible effect, in accordance with Ref. 22 . Similar to the previous functions, Fig. 9 presents the most significant effects, where it is possible to see that the second order interactions (l Y/EÂn and l yÂn ) may not be neglected. 
E. Initial unloading slope
All simulated unload curves were fitted to Eq. (2) using a different percentage of unloading curve data. As suggested by Eq. (2), the variables used in the fit were K, m, and h f and, in all cases, the minimum value of r 2 was 0.999965 and at least 10 points were taken in each fit of unloading data. The initial unloading slope S was calculated as the derivative with respect to the indenter displacement [Eq. (2)] using K, m, and h f from fitted unloading data. Results indicate that the initial unloading slope was dependent of the fitted percentage of unloading curve data, as presented in Fig. 10 , which shows the results for four combinations of mechanical properties.
Variation of S with the fitted percentage of the unloading data was also reported in Ref. 31 where the estimated value of the initial unloading slope stabilized when the fraction of data considered was between 60% and 90%.
To quantify the intensity of the effect of the fraction of unloading curve data, two levels were established for that factor: 40% as a low level and 70% as a high level. In this case, the calculated effect value was l % = 0.07399; a magnitude lower than the confidence interval from the experimental error in any load level (Tables IV-VI) . Figure 4 shows the main effects for the dimensionless function P 4 = S/Eh max . Significant effects on this function were found for all the dimensionless factors and no significant dependence was found for the dimensional factors (E, h max ). As reported in Ref. 11, P 4 decreases when Y/E and n increase. The function P 4 increases when y increases. According to Ref. 22 the ratio R/h max has a little but not negligible effect. Figure 11 shows the normal plot of effects for P 4 , where it is possible to see that the combined effects were not significant in this case.
F. Correction factor of the Sneddon's equation
Once a significant variation of S was found with respect to the percentage of data used in the fitting of the unloading curve, it seems appropriate to analyze the dependence of the correction factor b from this factor. Figure 12 shows the variation of b as a function of the percentage of the data considered in the fit of the unloading curve; for four combinations of mechanical properties. In Fig. 12 , one can note that the variation of b with the percentage of the curve fit is higher than the variation caused by either n or Y/E. This result implies that an experimental analysis on the variation of b should be difficult to implement, because the experimental error of S is large. Furthermore, in this type of analysis results are additionally affected by the experimental error in contact area measurement, which is either based on the analysis of the residual imprint or on an indirect measurement, such as that proposed by the Oliver and Pharr method. 25 According to Cheng, 11 the correction factor b is roughly independent of Y/E and n and for y = 68 , and n = 0.3 has a value equal to 1.085 AE 0.025. This work provides further confirmation that b is independent of Y/E and E; yet n has shown little effect (Table VI) , which was also observed by Bolshakov.
44 Table VI indicates that the effect of the strain hardening exponent (n) (À0.0034) is comparable to the effect caused by the indentation size h max (0.0053). In the literature, it has been suggested that the effect of the indentation size is caused by tip roundness effects 5, 32, 33 ; yet the effect caused by the ratio R/h max reported in Refs. 5, 32, and 33 was obtained by an increment of h max while maintaining a constant radius. On the other hand, when the ratio R/h max was evaluated by changing the radius and maintaining the h max constant 22 a tendency for change in b was not observed.
As presented in Ref. 28 , Fig. 4 shows that the indenter angle has an important effect on b and that when y increases, b decreases. Furthermore, two analyses were conducted in terms of the normal plot of effects related to the factor b (Fig. 13) . The first one, Fig. 13(a) , was conducted considering a fixed value for the percent of data selected to fit the unloading curve. In this case, with the exception of the effect caused by the angle of the indenter, all effects are so small that they are not distinguishable from experimental errors. On the other hand, when the fraction of the unload curve is incorporated as a factor, a better estimate of the error is obtained, because the normal probability plot incorporates the effects of additional factors. In this case, the fraction used to fit the unloading data and the maximum depth of indentation appears as significant [ Fig. 13(b) ].
G. Dimensionless function P
To analyze the dimensionless function P 6 = h max /h f , the residual indentation depth h f was taken directly from the end of the unload simulation curve and not from the fit of the unloading curve. This selection avoided the effect of the percentage of data used in the fitting of the unloading curve. Although function P 6 depends on the dimensionless variable R/h f [Eq. (12) ], R/h f cannot be used as a factor in the factorial design of experiments because its value cannot be fixed as an input parameter for the simulations. Figure 4 shows the main effects for the dimensionless function P 6 . Significant effects on this function were found for all the dimensionless factors and no significant dependence was found for the dimensional factors (E, h max ). Figure 4 shows that P 6 increases when Y/E, n, y, and R/h max increase. As reported in Ref. 22 , the ratio R/h max has little effect on P 6 for the range of Y/E values analyzed in this work. The effect of R/h max cannot be differentiated from experimental error (Table IV) and fall on the straight line of the normal plot (Fig. 14) .
H. Dimensionless function P 7 = W p /W T Figure 4 shows the main effects for the dimensionless function P 7 = W p /W T . Significant effects on this function were found for the dimensionless factors Y/E, y, and n and no significant dependence was found for the dimensional factors (E, h max ). As reported by Cheng, 7 P 7 decreases when Y/E and n increase. Additionally, Fig. 4 shows that P 7 decreases when y increases. As reported in Ref. 22 for the conditions evaluated in this work, the ratio R/h max showed a negligible effect. Figure 15 shows the normal plot of effects for P 7 . As previously, the effects underlined in the Table VI, which are larger than the confidence interval for function P 7 , were the same that showed a significant effect in the normal plot, characterized by deviations from the straight line.
VIII. CONCLUSIONS
In this work, a few finite element simulations allowed the identification of the effects of some variables on the indentation response of elastic-plastic materials under conical indentation. These variables were associated with the mechanical properties of the indented material, as well as with the indenter geometry. Using dimensional analysis, it was possible to select dimensionless functions that describe the load during loading stage, the depth of contact, the initial unloading slope, the residual depth, and the ratio between plastic and total indentation work. Furthermore, the dimensionless variables that describe these functions were also defined.
The influence of indenter tip roundness (0.67 < R/h max <1.4) on the characteristics of the instrumented indentation curve was quantified. The dimensionless functions P 1 =P l /Eh 2 and P 4 =S/Eh max and the exponent of loading stage a were strongly influenced by the ratio R/h max . However, no effect of this variable was found for the ratios H/Y, W p /W T , and h max /h f .
This work has also confirmed that b is not well described by dimensional analysis. It was also possible to observe that b is independent of the mechanical properties of the indented material analyzed in this work (Y, E, and n), although little effect was found for the hardening exponent n. No dependence of b was found with respect to the ratio R/h max in the range studied for this variable (0.67 < R/h max <1.4); yet b showed a dependence with the maximum indentation depth. Excluding the effect caused by the angle of the indenter, all effects on b were small, such that they would be hardly distinguishable from experimental error. However, b showed a strong dependence of the fraction of data used to fit the unloading curve, which indicates that b is especially susceptible to errors in the calculation of the initial unloading slope.
Although it is not entirely safe to extrapolate the effects presented in this work outside the range selected for the input variables, the procedure presented in the previous sections can be implemented in the first stages of indentation studies for mechanical properties calculation, minimizing the time required for simulations. The factors that present a significant effect should be compared with the confidence interval of the experimental results, or normal plots should be used to determine which factors can or cannot be excluded from the analysis, which also includes an evaluation of combined effects from the input variables. 
